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Coupling of Surface Acoustic Waves to a Two Dimensional Electron Gas
Steven H. Simon
Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139.
When a surface acoustic wave (SAW) is coupled piezoelectrically to a two dimensional electron
gas (2DEG), a velocity shift and attenuation of the SAW are induced that reflect the conductivity of
the 2DEG. This paper considers the case of a AlGaAs heterostructure with a 2DEG a distance d from
a (100) surface of the crystal where the SAWs are propagated in the [011] direction at wavevector
q. It is found that the velocity shift ∆vs and the attenuation coefficient κ satisfy the well known
equation (∆vs/vs) − (iκ/q) = (α
2/2)/
(
1 + iσxx(q,ω)
σm
)
where σxx(q, ω) is the complex conductivity
at wavevector q and frequency ω = vsq with vs the velocity of the SAW. The coefficients α and σm
are calculated and it is found that α has a nontrivial dependence on the product qd.
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I. INTRODUCTION
For almost thirty years it has been known that the ve-
locity vs of surface acoustic waves (SAWs) in piezoelec-
tric crystals can be effected by the electrical properties of
nearby conductors1,2. If the nearby conductors are dis-
sipative, then they can allow the SAW to attenuate also.
Work by Ingebrigtsen1, and later authors3,4 showed that
when a piezoelectric is brought next to a thin layer of a
conducting medium, the SAW velocity shift ∆vs and the
attenuation coefficient κ satisfy the relation
∆vs
vs
−
iκ
q
=
α2/2
1 + iσxx(q, ω)/σm
(1)
where σxx(q, ω) is the longitudinal conductivity of the ad-
joining medium at wavevector q and frequency ω = vsq.
Note that the velocity shift is measured with respect to
the velocity of the SAW when the adjoining medium has
infinite conductivity. The coefficients σm and α
2/2 de-
pend on material parameters and are discussed at length
in this paper.
Using the above relation between SAW velocity shift
(or attenuation) and the conductivity of a surface layer,
experimentalists have probed the conducting properties
of two dimensional electron gases (2DEGs) placed near
the surface of crystals of GaAs5–10,12. (An approxima-
tion of the experimental geometry is shown in Fig. 1.) In
the earlier of these experiments5,6, the wavelength of the
probing SAW was much larger than the distance d from
the surface. In this case, the depth d can be neglected,
and the coefficients σm and α
2/2 can be assumed to be
constant. However, in the more recent experiments8–11,
the wavevector q can be so large that the product qd is or
order unity. In this case, one must carefully consider the
wavevector dependencies of these coefficients. Roughly
one might expect that the coupling α2/2 should decay
approximately as e−2qd. However, it is seen experimen-
tally that the coupling remains roughly constant up to
the highest wavevectors probed (qd ≈ 4). In this paper,
the wavevector dependences of σm and α
2/2 are explic-
itly derived for an experimental geometry similar to that
used in these experimental works. Using the results de-
rived here, it should be possible to deduce quantitative
results about the frequency and wavevector dependent
conductivities of the samples (A detailed analysis of the
data in References 9 and 10 is given in Reference 13).
In References 5–11, the SAWs are propagated in the
[011] direction along a (100) surface of an (Al)GaAs crys-
tal. For most of this paper it will be sufficient to ap-
proximate this system as the geometry shown in Fig.
1. In other words we assume that the 2DEG is a thin
conducting layer a distance d (typically between 1000
and 5000 Angstroms) from the surface of a homogeneous
AlxGa1−xAs crystal with the fraction x of Al taken to
be approximately 30%. The effects of the differences be-
tween the actual experiments and this idealization will
be considered in the concluding section of this paper.
The outline of the remainder of this paper is as follows.
In section II, the electromagnetic response function K00
is defined and related to the conductivity σxx. The pa-
rameter σm is then defined in terms of the SAW veloc-
ity and the effective dielectric constant (ie the effective
strength of the Coulomb interaction in the 2DEG). The
effective dielectric constant is calculated explicitly in the
appendix. In section III a qualitative explanation is given
as to how the SAW induces a potential through piezoelec-
tric coupling, thus resulting in an energy shift and/or dis-
sipation through the real and/or imaginary part of the
conductivity. Equation 1 is then derived leaving only the
coupling constant α2/2 to be calculated. In section IV
the form of the SAW (neglecting the piezoelectric cou-
pling) is discussed with particular focus on finding the
energy density per unit area of the SAW. The effect of a
small piezoelectric coupling is then considered in section
V yielding a form for the induced potential. The coupling
α2/2 is then derived and is found to have a nontrivial and
nonmonotonic dependence on qd. Finally, section VI con-
siders a number of experimental issues and summarizes
results.
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Fig. 1: Model Geometry for Surface Acoustic Wave Experiments. In the experiments the
spacing d is typically between 1000 and 5000 Angstroms. The AlxGa1−xAs typically has
a fraction of Al given by x ≈ 30%.
II. RESPONSE FUNCTIONS
The density-density response K00(q, ω) is defined by
the relation
n(q, ω) = K00(q, ω)φ
ext(q, ω) (2)
where φext is the perturbing externally applied scalar po-
tential applied at a frequency ω and wavevector q = qxˆ,
and n(q, ω) is the induced fluctuation density. As we will
see below, the SAW experiments directly measure K00 at
finite frequency and wavevector.
Many linear response measurements do not measure,
however, the ratio of induced density to the externally
applied potential but rather the response to the total po-
tential. A density n(q) induced by the external vector
potential, gives rise to a Coulomb scalar potential
φind(q, ω) = −v(q)n(q, ω) (3)
where v(q) = 2π
ǫeffq
is the Fourier transform of the usual
Coulomb interaction v(r) = 1/(ǫeff|r|). (In principle, cur-
rents in the sample give rise to an induced vector as well
as scalar potential, but in practice these fields are neg-
ligible). Here ǫeff is the effective background dielectric
constant. The wavevector dependent form of this dielec-
tric constant for the case of the model geometry of Fig.
1 is derived in the appendix, and is given by
ǫeff
ǫ
=
1
2
(
(ǫ + ǫ0) exp(qd)
ǫ cosh(qd) + ǫ0 sinh(qd)
)
(4)
where ǫ is the dielectric constant of the bulk AlxGa1−xAs
and ǫ0 is the dielectric constant of the medium above the
surface (≈ 1). The dielectric constant14 for AlxGa1−xAs
with x ≈ .3 is approximately 12.5 ( which is slightly lower
than the dielectric constant for GaAs which is approxi-
mately 13.0).
Using Eq. 3, the total scalar potential
φtot = φext + φind (5)
is now written as
φtot = (1− v(q)K00)φ
ext. (6)
It then becomes useful to define the polarization
Π00(q, ω), which relates the induced density n(q, ω) to
the total scalar potential via
n(q, ω) = Π00(q, ω)φ
tot(q, ω) (7)
Combining this definition with Eqs. 2 and 6 yields the
equation
[K00]
−1 = [Π00]
−1
+ v(q). (8)
Since the response function Π00 relates the density to
the total vector potential, it is useful to write this func-
tion in terms of the conductivity σαβ which relates the
two spatial components of the current (jx, jy) to the two
spatial components of the total electric field (Ex, Ey) via
j = σE. Using current conservation to give jx = (ωn/q),
then yields
σxx =
−iω
q2
Π00 (9)
In particular, this allows us to write the general relation
[K00]
−1 = v(q)−
iω
q2σxx
(10)
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Throughout this work, we will assume that ω = vsq with
vs the SAW velocity, which then implies
K00(q, ω) =
ǫeffq
2π(1− iσm/σxx(q, ω))
(11)
with
σm =
vsǫeff
2π
. (12)
The function σm(qd) is shown in Fig. 2. Here, the ex-
perimentally relevant parameters for References 9 and 10
are used. These are ǫ = 12.5 and vs = 3010m/sec (see
section IV below).
III. INDUCED ENERGY SHIFT
Due to the piezoelectric coupling, an external scalar
potential φext is induced in the 2DEG. For now, we will
write
φext = Ce14F (qd)/ǫ (13)
where C is the amplitude of the SAW, e14 the piezoelec-
tric stress constant, and F is a dimensionless function of
qd that represents the fact that the SAW decays into the
bulk. Clearly F should approach a constant as qd → 0
and should approach zero as qd → ∞. Roughly, one
should expect that the function F should decay as e−qd.
The induced energy density per unit area due to this
external potential is given by
δU =
1
2
K00|φ
ext|2 (14)
This expression is obtained from integrating a differential
dδU = n(φext)dφext and using Eq. 2. (Note that using
φtot here instead would account for only the electrical
energy). Using Eq. 10 we can rewrite this shift as
δU =
ǫeffq
4π(1− iσm/σxx(q, ω))
|φext|2 (15)
We now want to measure this energy shift with respect
to the shift for σxx →∞. Thus,
∆U ≡ δU − δU(σxx =∞) (16)
=
ǫeffq
4π
[
1
1− iσm/σxx(q, ω)
− 1
]
|φext|2 (17)
=
ǫeffq
4π
[
1
1 + iσxx(q, ω)/σm
]
|φext|2 (18)
It is found below that the surface acoustic wave has
an energy density proportional to C2q2 where C is the
amplitude of the wave and q is the wavevector. Further-
more, the wave decays exponentially into the bulk with a
decay constant proportional to q. Thus, when integrated
in the zˆ direction, the energy U per unit surface area is
given by
U = qC2H (19)
where H is a factor that depends on material parameters
that we will determine below. Combining this with the
results of the above section, the fractional energy shift is
then given by
∆U
U
=
α2/2
1 + iσxx(q, ω)/σm
(20)
where
α2
2
=
ǫeff
ǫ
e214
4πǫH
|F (qd)|2 (21)
(Note that the factor of 4π will vanish when ǫeff is con-
verted into MKSI units). Clearly, this result implies
the velocity shift and attenuation relation given by Eq.
1. All that now remains is the tedious job of evaluat-
ing the constant H as well as the functional form F .
It should be noted that in the small qd limit, various
experiments18,5–9 have measured the value of the cou-
pling constant and have found α2/2 ≈ 3.2 × 10−4. As is
discussed below in section VI, these measurements should
be viewed with caution. As discussed above, one ex-
pects roughly that F decays as e−qd so that α2/2 de-
cays as e−2qd. This, however, contradicts experimental
observation11. Below, in a more careful analysis, we will
see why the decay is actually somewhat slower and shows
a nonmonotonic dependence on qd.
IV. NON-PIEZOELECTRIC SAWS
We begin by discussing the solution of the SAW equa-
tions with the piezoelectric coupling set to zero. The
piezoelectric coupling will then be added at lowest order.
Defining a displacement vector uk, the elastic wave
equation is given by15–17
cijkl∂l∂iuk + ρu¨j = 0 (22)
where ρ is the mass density, c is the elastic tensor, we
have used the notations ∂lf =
∂f
∂xl
, , f˙ = ∂f
∂t
, and re-
peated indices are summed. For GaAs, AlAs, and other
crystals of cubic symmetry there are only 3 indepen-
dent elastic constants. These constants are convention-
ally called c11, c12, and c44. For GaAs at low temper-
atures, the elastic constants c11, c12, and c44 are given
by19 12.26× 1010, 5.71× 1010, and 6.00× 1010N/m2 re-
spectively. The constants for AlAs19,20 are given approx-
imately by 12.2 × 1010, 5.5 × 1010, and 5.7 × 1010N/m2
respectively. It is noted that the elastic constants of the
two materials are roughly the same. For AlxGa1−xAs
it is reasonable to interpolate for any value of x. (Ex-
perimentally, there may be some uncertainty in x). The
density19 of GaAs is 5307 kg/m3, and the density of AlAs
is 3598 kg/m3. Thus for AlxGa1−xAs with x ≈ .3, the
3
density interpolates to approximately 4794 kg/m3, which
differs from that of GaAs by only 10%.
In considering surface waves, the wave equation must
be supplemented with the boundary condition at the free
surface that there is no total force at the surface. This
condition is written as15,16
c
zˆjkl∂luk = 0. (23)
where the subscript zˆ represents the direction normal to
the surface. For certain geometries, analytic solutions of
the SAW equations are available. In the present case of
a (100) surface with wave propagation in the [011] di-
rection, the velocity of SAW propagation is given by the
solution (here we are interested in the lowest velocity so-
lution) of the cubic equation21.
(
1−
c11
c44
X
)(
c11c
′
11 − c
2
12
c211
−X
)2
= X2
(
c′11
c11
−X
)
(24)
where c′11 =
1
2 (c11 + c12 + 2c44) and X = ρv
2
s/c11 gives
the SAW velocity vs.
For AlxGa1−xAs with x ≈ .3, the velocity is approxi-
mately 3010 m/sec. (This differs from that of pure GaAs
by only 5%.) Once the velocity is determined, one can
easily solve analytically for the form of the SAW. For the
experimental geometry we are presently considering, the
displacements for this wave can be written as21,22
ux = C
(
e−Ωqz−iϕ + e−Ω
∗qz+iϕ
)
eiq(x−vst) (25)
iuz = C
(
γe−Ωqz−iϕ + γ∗e−Ω
∗qz+iϕ
)
eiq(x−vst) (26)
with uy = 0 and C the amplitude (C has dimensions of
length). Here, the xˆ direction is chosen in the direction of
wave propagation (the [011] direction). The parameters
Ω, γ, and ϕ are determined by21,22
0 = (c′11 −Xc11 − Ω
2c11)(c44 −Xc11 − Ω
2c44)
+ Ω2(c12 + c44)
2 (27)
γ = Ω
[
c12 + c44
c44 − (X +Ω2)c11
]
(28)
e−2iϕ = −
γ∗ − Ω∗
γ − Ω
(29)
In the case of AlxGa1−xAs with x = .3, the values of γ
and Ω and ϕ are given in this case by Ω ≈ .501 + .472i,
γ ≈ −.705 + 1.146i, and φ ≈ 1.06.
The local energy density of this wave can be written
as15,17
E =
1
2
cijkluiju
∗
kl (30)
where the strain uij is given by
uij =
1
2
(∂iuj + ∂jui) (31)
For the AlGaAs surface wave discussed above, the energy
density can be written as17
E =
1
2
(
c′11|uxx|
2 + c11|uzz|
2
+2c12Re[u
∗
xxuzz] + c44|2uxz|
2
)
(32)
Inserting the above described form of the wave, yields
the strains
uxx = iqux (33)
uzz = iqC
(
γΩe−Ωqz−iϕ + c.c.
)
eiq(x−vst) (34)
2uxz = Cq
(
[γ − Ω]e−Ωqz−iϕ + c.c.
)
eiq(x−vst) (35)
with “c.c.” meaning complex conjugate. Finally, inte-
grating the result of Eq. 32 in the zˆ direction yields an
energy per unit surface area in the form given by Eq. 19
with
H = Re
[
c′11
(
e−2iϕ
Ω
+
1
α
)
+ c11
(
(γ − Ω)2e−2iϕ
Ω
+
|γ − Ω|2
α
)
+ c44
(
(γ2Ω)e−2iϕ +
|γΩ|2
α
)
+ 2c12
(
γe−2iϕ +
Re(γΩ)
α
)]
(36)
where α = Re(Ω). This yields a numerical value of
H ≈ 28.8× 1010N/m2 (37)
(The value for pure GaAs is lower by only about 2 %).
V. PIEZOELECTRIC COUPLING
When a piezoelectric coupling is added, the wave equa-
tions take the form1,16,17
cijkl∂l∂iuk + ekij∂k∂iφ+ ρu¨j = 0 (38)
eikl∂l∂iuk − ǫ∇
2φ = 0 (39)
where e is the piezoelectric stress tensor, φ is the electric
potential, and ǫ is the dielectric constant of the medium
(here ǫ is assumed to be isotropic). For GaAs, AlAs (and
other cubic crystals of class 4¯3m), there is only one inde-
pendent nonzero component of the piezoelectric tensor17
called e14.
The value of e14 for GaAs has an accepted value
19,17 of
approximately .157 C/m2. However, it should be noted
that there is a small amount of evidence23 that the actual
value might be somewhat lower (by perhaps as much as
40%). For the present work we will choose to work with
the accepted value. For the case of AlAs, it is even more
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difficult to find a reliable value for the piezoelectric cou-
pling. To the author’s knowledge, no reliable measure-
ment of this quantity has been made to date24. Several
calculations of e14 have been made, and the results range
from25 as small as .02 C/m2 to26 as large as .22 C/m2. If
we choose one of these for the value of e14 for AlAs and
interpolate to obtain e14 for AlxGa1−xAs with x = .3
(linear interpolation is thought to be roughly correct24)
we will obtain results that range from approximately .11
C/m2 to .18 C/m2. Since since e14 is squared in the final
result (Eq. 21), these uncertainties will be magnified. Al-
though this uncertainty results in an overall change in the
magnitude of the coupling, it will not change the func-
tional form of the coupling with respect to changes in qd.
For definiteness, we will choose to work with a value of
e14 of .145 C/m
2 for AlxGa1−xAs with x ≈ .3, (which
is close to the value for pure GaAs). The uncertainty is
approximately .04 C/m2. When this quantity is squared
in Eq. 21, the final result has an uncertainty in scale of
about 50%.
Since the piezoelectric coupling e14 is small, it is clear
from the second equation that φ will be order e14 smaller
than u. Thus, the first equation will be solved by the non-
piezoelectric solution discussed above with corrections
only at order e214. The mechanical boundary conditions
in the piezoelectric case are1,16
c
zˆjkl∂luk + ekzˆj∂kφ = 0. (40)
Again, this will be satisfied by the nonpiezoelectric solu-
tion with corrections at order e214. The electrical bound-
ary condition that the normal component of electric dis-
placementD is continuous across the surface can be writ-
ten as1
φ = i
v2s
ω
ZD
zˆ
(41)
D
zˆ
= e
zˆkl∂luk − ǫ∂kφ (42)
Where Z is the transverse magnetic wave impedance
(Z = Ex/Hy) of the medium above the surface. The
impedance of the adjoining medium can be written as
Z =
i
vsǫ0
(43)
where ǫ0 is the adjoining medium’s dielectric constant.
These conditions can be rewritten as
0 = (ǫ0qφ+ ezˆkl∂luk − ǫ∂zˆφ)|z=0 (44)
Here, this boundary condition must be properly treated
since it is of lower order in e14. Thus, we will use the
above nonpiezoelectric solution for u and solve Eqs. 39
and 44 for φ. These two equations in our case can be
recast as
ǫ∇2φ = e14(∂zuxx + 2∂xuxz) (45)
0 = (ǫ0qφ+ e14uxx − ǫ∂zˆφ)|z=0 (46)
The proposed form of solution is
φ =
iCe14
ǫ
eiq(x−vst)
[
A1e
−Ωqz−iϕ
+A2e
−Ω∗qz+iϕ +A3e
−qz
]
(47)
with C the amplitude of the SAW. Eq. 45 immediately
yields the conditions
A1 = A
∗
2 =
γ − 2Ω
Ω2 − 1
(48)
Finally, using Eq.46 yields
A3 =
−2
1 + r
[
cosϕ+ rRe(A1e
−iϕ) + Re(ΩA1e
−iϕ)
]
(49)
with r = ǫ0/ǫ ≈
1
12.5 .
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Fig. 2: Coupling Constants as a function of qd with q
the wavevector and d the distance from the 2DEG to
the surface. Top: σm(qd) in units of inverse Ohms. In
this calculation, the dielectric constant of the medium
(AlxGa1−xAs) is taken to be 12.5. Bottom: α
2(qd)/2
(dimensionless). Here, the piezoelectric constant is
taken as .145 C/m2. The uncertainty in this number
results in an uncertainty in the scale of approximately
50%. Note that at qd = 0 the coupling constant is
roughly 3.7 × 10−4 in good agreement with experi-
ment.
Once the potential φ has been determined, this po-
tential is then treated as the external potential φext ap-
plied to the 2DEG. Note that the scalar potential φind
then induced by the density fluctuations in the 2DEG
does not change the solution to Eqs 39 and 44 above
since ∇2φind = 0 everywhere outside of the 2DEG and
ǫ0qφ
ind = ǫ∂
zˆ
φind at the surface (the solution of such a
boundary condition is discussed in the appendix). The
form of the potential is given by Eq. 13 where the func-
tional dependence F is given by
F (qd) = 2|A1|e
−αqd cos(βqz + φ+ ξ) +A3e
−qd (50)
5
where Ω = α + βi and A1 = |A1|e
−iξ. Here we have
the values |A1| ≈ 1.59, φ + ξ ≈ 2.41, A3 ≈ −3.10. Us-
ing these values in Eq. 21 yields a the coupling constant
α2/2. The functional dependence of α2/2 on qd is shown
in Fig. V. It is clear that the dependence is quite non-
trivial. First of all, the exponential decay at large qd
is roughly proportional to e−qd rather than e−2qd. This
is because, due to the precise material parameters, the
SAW decays into the bulk as e−αqd with α ≈ 12 . More
importantly, at small qd the coupling seems to oscillate.
The reason for this is roughly that the boundary con-
dition fixes the strain uxz to be zero at z = 0. Thus
Ex(z = 0) is mainly caused by the surface charge (ie, the
A3 term in Eq. 47). As z (or d) increases, the effect
of the surface charge term quickly decays, but the strain
uxz becomes nonzero so that the coupling decays first,
but then increases. Finally, at large qd, the exponential
decay of the SAW damps out the coupling.
VI. CONCLUSION AND FURTHER
CONSIDERATIONS
This work has focused on surface acoustic waves in Al-
GaAs coupled to a 2DEG a distance d away from the sur-
face of the sample. The general relation (Eq. 1) between
the fractional SAW velocity shift ∆vs/vs, the attenuation
κ and the conductivity σxx of the 2DEG was derived, and
the coefficients α2/2 and σm were explicitly calculated as
a function of the product qd of the wavevector q and the
distance d to the surface.
Although Eq. 1 is very general, the values of the co-
efficients σm and α
2/2 are quite dependent on material
parameters. As discussed in the text and in the appendix,
σm is dependent only on the velocity of the SAW and on
the effective background dielectric constant in the 2DEG
(which is in general wavevector dependent). The cou-
pling constant α2/2, on the other hand, is very sensitive
to the details of the sample. In this paper we have focused
only on a relatively simple model geometry where the
sample is assumed to be a homogeneous slab of AlGaAs
to simplify the solution of the wave problem. In actual
experiments, the samples are often complicated many
layer heterostructures. In the relevant experiments11, the
bulk of the crystal (below the 2DEG) is pure GaAs and
most of the crystal between the 2DEG and the surface
is AlxGa1−xAs with x ≈ .3. However, additional thin
layers of GaAs are added in this region, along with Si
dopants. In principle, we could solve the wave equations
for this complicated geometry and apply similar meth-
ods, but in practice such problems can only be solved
numerically. However, since the elastic constants, den-
sities, and dielectric constants of AlGaAs and GaAs are
so similar we suspect that these heterostructures can be
well approximated by the homogeneous system discussed
here.
In using Eq. 1 to extract σxx(q, ω) from experimen-
tal data, there are several complications. To begin with,
accurate measurements of the attenuation are extremely
difficult, as are absolute measurements of the velocity11.
However, measurements of the relative velocity shift can
be made quite accurately. Another complication is that
the above formula for the velocity shift (Eq. 1) gives the
velocity shift ∆vs relative to the velocity of the SAW if
the conductivity of the 2DEG were infinite. In practice,
the velocity shift is usually measured relative to the veloc-
ity of the SAW at zero magnetic field. It is often the case
in high mobility samples (particularly at low frequency)
that the conductivity at zero magnetic field is sufficiently
large that it can be considered infinite and this approxi-
mation becomes reasonable. However, more generally, if
the conductivity at zero field is well known, the resulting
measured shift can be appropriately adjusted.
In References 5–10, the parameters σm and α
2/2 are
both fit to experiment. To do this, the dc conductivity
is measured and put into Eq. 1, the values of σm and
α2/2 are then varied until a good fit is obtained to the
experimentally measured values of ∆vs/vs as a function
of magnetic field. There are several possible problems
with this procedure. To begin with, the zero frequency
(dc) conductivity is expected to be somewhat different
from the finite frequency and wavevector conductivity
σxx(q, ω = vsq) that must be used in Eq. 1. Further-
more, there are indications that due to large scale inho-
mogeneities in the sample27, the measured dc conduc-
tivity may not accurately represent the spatial average
of σxx. We thus conclude that these experimental fits of
these parameters to the dc conductivity should be viewed
with caution. Nonetheless the qualitative features of
these experiments are relatively robust and many of the
conclusions drawn from these experiments are relatively
independent8,9 of the precise value of the fit parameters
σm and α
2/2. A more careful quantitative analysis of
these data is given in Reference 13.
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APPENDIX A: COULOMB INTERACTION
NEAR A DIELECTRIC INTERFACE
The Coulomb interaction between electrons in the
2DEG is affected by the presence of the free surface of Al-
GaAs since the dielectric constant of the medium above
the surface (ǫ0 ≈ 1) is much less than the dielectric con-
stant of AlGaAs (ǫ ≈ 12.5). In this appendix, we con-
sider the electrostatic problem of a charge in a 2DEG a
distance d from this AlGaAs/air interface. Consider a
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charge e = 1 placed in the 2DEG at position r = 0 such
that the AlGaAs surface is at the coordinate z = d. It is
a standard result of electrostatics28 that the electrostatic
potential in the AlGaAs generated by such a charge is
given by
Φ(r) =
e
ǫ
(
1
|r|
+
[
ǫ − ǫ0
ǫ + ǫ0
]
1
|r+ 2zˆd|
)
. (A1)
Here, |r+2zˆd| is the distance from r to the image charge,
a distance d away from the surface on the air side. Re-
stricting r to lie in the plane of the 2DEG, and Fourier
transforming, yields
v(k) =
∫
d2reik·rΦ(r) (A2)
which can be evaluated using Eqns. 6.564, 8.411, and
8.469.3 from Reference 29 to yield
v(k) =
2π
ǫeffk
(A3)
where the effective dielectric constant is defined by4
1
ǫeff
=
1
ǫ
(
1 +
[
ǫ− ǫ0
ǫ+ ǫ0
]
e−2kd
)
(A4)
which can be rewritten in the form of Eq. 4. Note that
the effective dielectric constant ranges from ǫ for large
qd≫ 1 to (ǫ+ ǫ0)/2 for qd≪ 1.
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